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Abstract

In this work, by investigating the decomposition of the defining set of constacyclic
codes, we obtain two types of g-ary entanglement-assisted quantum MDS(EAQMDS)
codes with length n = qlzo—'zl, where m is a positive integer, ¢ is an odd prime power
such that ¢ = 10um + v or ¢ = 10um + 10 — v, and both x and v are odd with
10n = v2 4+ 1 and v > 3. Some of which are minimum distance achieves % +1
or even greater than % + 1. Moreover, comparing the parameters with those of all
known EAQMDS codes, the g-ary EAQMDS codes exhibited here are not covered
in the sense that their parameters are more general than the results what have been

previously known in the literature.
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1 Introduction

Since the groundbreaking work with reducing the effects of decoherence for infor-
mation stored in quantum memory and methods of error correction in the quantum
regime and their limitations assessed in [1,2], the theory of quantum error-correcting
codes(QECCs) has undergone great progress in [3-5]. Entanglement-assisted sta-
bilizer formalism has been presented in [6]. Due to the prominent advantage of
EAQECCs, many scholars constructed good EAQECCsSs by applying classical linear
codes [7-16].

Let g be a prime power, an [[n, k, d; c]]; code denotes an EAQECC of length
n and minimum distance d over F,, which encodes k information qubits into n-
channel qubits via ¢ pairs of maximally entangled states and can correct up to L%J
errors. Moreover, the g-ary EAQECC [[n, k, d; c]] is called EAQMDS codes [17]
when k =n — 2(d — 1) + c. Li et al. researched methods and determined a maximal
design distance of BCH codes and Hermitian dual containing [18]. Later, Li et al.
devised a new scheme in determining pairs of the maximally entangled states, which
improved the previous calculation methods and obtained several good entanglement-
assisted quantum codes [19]. Then, Chen et al. generalized the method and utilized
the decomposition of the defining set of negacyclic codes and obtained four classes of
EAQMDS codes with the minimum distance exceeding ¢ + 1 [20]. Through the study
of constacyclic codes, Chen and Zhu et al. [21] and Koroglu. [22] constructed four

classes of new EAQECCs with length n = "25—+1 and eight new classes of EAQMDS
codes, respectively.

Recently, by analyzing defining set of cyclic codes, Wang et al. presented a few new
EAQMDS codes that their lengths divide g2+ 1 , where ¢ is an odd prime power in [23].

2
In [24], Lu et al. constructed some new quantum MDS codes with length n = qT'H
and g = 2am +t by using constacyclic codes and Hermitian construction. Then, Chen
et al. considered the case of entanglemet-assisted quantum MDS codes with length

— ¢t ,where y = 1>+ 1 and ¢ is a power of 2 [25], while they did not discuss the

case that ¢ is odd. Afterward, Chen et al. [26] constructed six classes of EAQMDS

2
codes with the form g = am +t oram + o« —tand n = qa—H by consuming 1, 5, 9
pre-shared maximally entangled states. In [27], Chen et al. constructed four classes of
asymmetric quantum codes and two new families of optimal quantum convolutional

2
codes with length n = qlTJ;ll. Inspired by the research above, we employ the method
of a decomposition of the defining set of constacyclic codes to determine the number
of shared pairs, and finally we derive two new families of EAQMDS codes as follows:

(1) [[%, TJ;] — 2d + 6, d; 4]],, where m is a positive integer, ¢ is an odd prime

power such that ¢ = 10um + v, and both 11 and v are odd with 10i = v? + 1 and

V>3, %}:"H_szdg%anddisodd.

() o, "o — 2d + 6..d; 4114, m is a positive integer, g is an odd prime power

such that ¢ = 10um + 10p — v, and both  and v are odd with 10p = v? + 1,

(v+1Dg+v—1 (Bv—1)g—v—3 .
T+2 <d< S T T and d is odd.
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The work is organized as follows: In Sect. 2, we review some essential knowledge
of constacyclic codes and EAQECC:s. In Sect. 3, we obtain two families of EAQMDS
codes are constructed. We serve some comparisons of codes and conclusions in Sect. 4.

2 Preliminaries
2.1 Review of constacyclic codes

In the subsection, we will begin with some relevant concepts on constacyclic codes.
More further and detailed information, the readers can refer to [15,16,20-22,24-26,
28,29].

Let F > be the finite field with g? elements , where ¢ is a power of a prime p.
A g?-ary linear code C of length n is a nonempty subspace of IE“ZZ. For any element
a € FF 2, the conjugate of a denoted by a = a¥.

Given two vectors X = (xg, X1, ..., X,—1) andy = (Yo, Y1, ..., Yn—1) € ng’ their
Hermitian inner product is defined as

(X,y) = xoyg +x1y1 + -+ xp—1Y,—1 € Fpo.
For a ¢2-ary linear code C of length 7, the following code
Cth=i(x e IE‘22|(X, y) =0 forally € C}.
is called Hermitian dual code of C. If C € C1" then code C is said to be Hermitian

self-orthogonal, and the code C is said to be Hermitian self-dual if C = C Lk,
A g?-ary linear code C of length n is a n-constacyclic if there exists n € IF;Z ,

such that for any codeword x = (xq, x1,...,x,—1) € F”, , the n-constacyclic shift
of X, ¢p,(X) = (Nx,—1, X0, X1, ..., Xp—2), is also in C. Customarily, each codeword
! = (wo, w1, -..,wy—1) in C corresponds to its polynomial representation w(x) =

@y 4+ wi1x + -+ + wy_1x" L. It is well known that a qz-ary linear code of length n
is an n-constacyclic code if and only if C is precisely an ideal of the quotient ring
F,2[x]/{x" — n). Moreover, C is generated by a monic divisor g(x) of x" — n. The
polynomial g(x) is called the generator polynomial of the code C.

We assume that n and g are coprime, and 1 € FZ ,, let r be the order of n and § be
a primitive rn-th root of unity in some extension field of > such that §" = 7. So the
root of x" — 5 are exactly the element 8"/

Let2 ={j =1+ir|0 <i <n-—1}.Foreach j € £2,let C; be the qz-cyclotomic
coset modulo rn containing j.

C;=1{jg” modrn|0<l<mj—1},
where m; is the smallest positive integer such that jg*"i = j mod rn. Each C j

corresponds to an irreducible divisor of x” — n. Let C = (g(x)) be a qz—ary n-
constacyclic code of length n. Then, the defining set of Cisthe Z = {j € 2|g(8/) =

@ Springer



R.Gao et al.

0}. Clearly, dim(C) = n — |Z| , where |Z| is called the cardinality of the set Z. Note
that C*" = {z € 2| — gz mod rn ¢ Z}(see Ref. [16]).

The following conclusions are of great significance to the construction of EAQMDS
codes.

Proposition 1 [30,31] (The BCH bound for constacyclic codes) Assume q and n are
coprime. Let C = (g(x)) be a q*-ary n-constacyclic code of length n with the defining
set Z = {1 +ri|ll <i <Il+4d— 2}, where § is a primitive root of unity. Then, the
minimum distance of C is at least d.

Proposition 2 [16] Let r be a positive divisor of ¢ + 1 and n € ]FZ2 be of order r.

If C be a q*-ary n-constacyclic code of length n with defining set Z < 2, then C
contains its Hermitian dual code if and only if Z N Z71 = (), where Z79 = {—qz
modrn|z € Z}.

2.2 Review of EAQECCs

In the subsection, we recall some background knowledge and results of EAQECCs.
The detailed information on EAQECCs can be found in [6,8,18-21].

Let H be an (n — k) x n parity check matrix of C over F 2. Then, C1" has an
(n — k) x n generator matrix H' , where H is the conjugate transpose matrix of H
over .

Next, we review the Hermitian method, which is important for us to construct
EAQECCs from classical linear codes.

The following proposition is about the Singleton bound of classical linear codes.

Proposition 3 (Singleton bound) [29] If a g-ary [n,k,d] linear code exists, then k <
n—d+1.Ifk =n—d+1, then C is called an MDS codes.

Theorem 1 [6,8,19] IfC is a g*>-ary [n, k, d] classical code and H is its parity check
matrix, then there exist EAQECCs with parameters [[n, 2k — n + ¢, d; c]l,, where
c=rank(HH").

Theorem 2 [6] Assume that C = [[n, k, d; cll, is an entanglement-assisted quantum
code, where d < "—;2, then C satisfies the entanglement-assisted Singleton bound

n+c—k>2d—1). IfC satisfies the equalityn +c —k = 2(d — 1) ford < %
then it is called an entanglement-assisted quantum MDS codes.

From Proposition 1, Theorem 1 and 2, we can arrive at the following collary.

Corollary 1 Suppose C be a q*-ary constacyclic code of length n with defining set Z.
Suppose c = Z N (—qZ), where —qZ = {—qz mod rn|z € Z}. If C has parameters
[n,n — |Z|,d]qz, then there exists an EAQECC with parameters [[n,n — 2|Z| +
¢, d; clly.
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— 9*+1
3 New EAQMDS codes of length n = o

In this section, we use n-constacyclic code of length n = 120 to construct some new
EAQMDS codes, where ¢ is an odd prime power, 1 € IF* with order g + 1, which is
different from the code obtained from [25]. Moreover, we obtain parameters with the
even number of entangled states ¢ = 4, it needs to be emphasized that the codes we
give here are not covered by [26].

Note that m is a positive integer, ¢ is an odd prime power. To avoid repetition, it is
not described in this subsection

Lemmal Let n = 10# qg = 10um +v or g = 10um + 10 — v, and both

(q+102M+1)n and

. = . Then the q -cyclotomic cosets modulo (q + 1)n are: Cy = {s}, and
C;+<q+1), =+ @+Dit—(@+ DG —Dforl <i <7

Proof 1 + (¢ +1)j = s when j = % . Hence, s must be in £2. Note that
sq> =s(g>+1—1)=s mod (g + 1)n, it follows that C; = {s}. Since

and v are odd with IOM =2+ 1andv > 3. Assume that s =

[Z + (g + Dilg?

Z[s_(q+1)(n+1)

5 +(q + 1)1} q°

Es—(q+1)[¥(2 - +1)+z]

1
—s—i—(q—i—l)(%—i)

=¢+@+Dn+1-1i)
=¢{—(g+1)i—1) mod (g + Dn.

and

[ — (g4 1) — D]g?

[S_ @+ Dn+1)
2

—(g+ DG — 1)] q°

s—(q+1)|:—(q +1)—%1+(l—1)(q +1)—z+1]

1
Es+(q+1)(%+z—1)

=(+@+Dn+1+i-1)
=¢+(@+1)i mod (¢g+ Dn.

Therefore C; 1 (g1 = {¢ + (¢ +1)i, { — (¢ + 1)@ — 1)}. It then remains to prove
that Cy(g+1)i = {¢ + (g + Di, ¢ — (g + D@ — D)} is disjoint for 1 < i < 1.
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We assume that there exist two integers / and j such that C¢ 4 (441 = Ce—g+n(j-1)>
where | <1 # j < %,thenwehave;—i—(q—i—l)l = (C+(g+1)j)g* fork € {0, 1}
mod (g + D)n.

Whenk =0,then+(g+ 1l =¢+(g+1)j mod (¢g+ 1)n,i.e.l = j, however,
0<l#j< ”—1 , which gives a contradiction.

Ifk =1, then{+(q+1)lz§—(q+1)(j—1) mod (¢ + Dn,ie l+j=1
mod (g + 1)n, however, 2 <1+ j < n — 1, which also gives a contradiction. O

Theorem3 Letn =

= 10 ,q = 10um++v, andbothuandvareoddwnh 10 =v 24

andv > 3. Assume that s = w and ¢ = L4 IfC is a g*-ary n-constacyclic

code of n with defining set Z = Ui:l Crig+nis where 1 <6< %(zv). Then
cth .

Proof Suppose that C does not contain its Hermitian dual code. Then, by Proposition
2, we just need to prove that Z N —gZ # (). Hence, there exist two integers [ and
j,where 1 <1[,j < %, such that ¢ 4+ (¢ + 1)i = —q(¢ + (g + 1) j)g*
mod (g + 1)n for k € {0, 1}. They conflict with the following facts.

Case I Whenk =0,then¢ + (¢ + )l = —q(¢ + (¢ + 1)j) mod (¢ + Dn,ie.,

Oqu—i—l—qzll modn,forlfl,jf%
(i) When 1 < j < ’{g;,sinceo < % :qr—+—l—qzil <qj+l—% <
D(g— 1 _ 2¢°—(10p+v—Dg—v+1-20
afo0 + —(“%ﬁ’f D _ ol = 2 Mvzou)q SR <,
This is a contradiction, because 0 = gj +1 — q—H mod n.
2
(11)When10 —|—1<]< (qv) let] =j-i
0= 6](] + 10M +1 - (2U+IOI§2)3L+1OM+2 mod n,
since
G —v)g+5u—1
0<
10u
2v+ 10p)g + 10p + 2
201
2 10 10 2
swﬁH—(U+ w)q +10u +
20
<qq—v n w4+ 1D(g—v) 3 Qv+ 10pw)g + 10 + 2
-7 10up 201 20
2¢% — (10 +3v —1)g — 20 —v — 1
= <n
20
This is a contradiction, because 0 = ¢j’ + 1 — W mod 7.

(iii) When w_;_l <j< %,where3 <e< ﬂ Letj = j— (efll)o(gfv)

forl < j' < qT henqu(j’—i—%)—i—l mmodn,i.e.,OE
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mod n, since

qj +1— (10M+2(e—1)132)i+10u+2(6—l)

v+ Dg+10u—v+1
0<

201
_ (10p —2(e = Dv)g + 101 — 2(e — 1)
- 20
(10u +2(e = Hv)g + 10 +2(e — 1)
201
10 2(e — 1 10 2(e — 1
qu/H_( p+2(e — Dv)g + 10p 4-2(¢ — 1)
20
-V + D(g —
Sqq " v+ Dig—v)
101 201
B (10 +2(e — Dv)g +10p +2(e — 1)
20
_2¢7 — (10p + (26 — v — 1)g —20p —v 43 — 2¢
B 201
2¢% — (10u +5v—1)g —20u —v —3
< <n
- 20

(10+2(e—1))g+10p+2(e—1)

200c mod n.

This is a contradiction, because 0 = ¢’ +1 —

Case Il Whenk = 1,then¢ + (¢ + D)l = —(C + (g +1)j)¢®> mod (g + Dn, ie.,
0=gqj—1— %" modn,forl <l j< Ctga=y

(i) When1 < j < ‘{5};, since

10 —v—1Dg+v—14+20u
<

0
201
_ . w+DhHE@g-—v) g-1
a 20 2
. q—1
<gj—1-1_~
qJ 3
- —1
<q=t -1
101 2
2¢% — (10p + 2v)g — 10u
< <n
- 20

This is a contradiction, because 0 = gj — [ — % mod n.

.. _ . 2g— : . - . -
(11)When%+l§1 5(1‘1Tl;),let]’=]—%for1§]’§%.Then
qg—1

0=q('+ 45 —1— 4+ mod n,ie., 0= qj —1— 2HOG-I0E2

: 2001 mod n,
since

@ Springer



R.Gao et al.

10u —3v—1)g+20u+v—3
201

wv+1D(@—-v) Qv+ 10u)g —10u+2
B 201 B 201
Qv+ 10p)g — 10 + 2

201

qg—v - Qv+ 10p)g — 10 + 2
10u 20
_q*—(Spt2v)g —5u—1
B 10w

0<

<gqj —1-

=

<n

This is a contradiction, because 0 = ¢gj’ — [ — W mod n.

(iii) When(e—%w_,_l <j< e(q—v)  where3 < e < V_+1 Letj/zj—%

u mod n, i.e., 0 =

1OM
mod n, since

qj/ - (10;1,+2(e D%ﬂ 10u+2(e—1)

- (10w —Re—DHv—1g+20u+v —2¢ + 1

0<1
20
_ o +D@—=v) (0u+2(e = Dv)g — 10 +2(e — 1)
201 201
y (10u +2(e — Dv)g — 10p +2(e — 1)
=qj —1—
20
q—v ] (10p + 2(e — Dv)g — 10 +2(e — 1)
=9 T0u 201
_ g*>— (B +evyg—5u—e+1
- 101
® — Gu+3v)g —5u—2
=< <n
10
This is a contradiction, because 0 = ¢’ — [ — (1O”+2(6_1);&_10“”(6_1) mod n.
Finally, we conclude that Z N —qgZ = 0. |

Theorem4 Letn = 10# , g = 10um + v, and both  and v are odd with 10 =

v2 + 1 and v > 3. Then there exist entanglement-assisted quantum MDS codes with

parameters [[n,n — 2d + 6, d; 4]]4, for each odd integer d with W +2<
Bu=Dg+v+3

d= 10u

w+D(g—v) +A

Proof Consider the ¢>-ary n-constacyclic code C with defining set Z = Ui_ ]20"
Cryg+1i> where 1 <A < Q=Dgtvtl p i easy to see that |Z| = w + 22,

where |Z| represents the cardinality of Z. By Propositions 1 and 3 , we can derive C
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is a g2-ary MDS constacyclic code with parameters

[q2+1 q2+1_(v+1)(q—v)_ZA W+ (g —v)

) , 21+ 1
10 10 10 10 A i|

q2

Hence, we obtain the following result.

ZN(—q2)
(U+122)(q—V) <v+|22)<q DY
= ((Uil . Cl+(q+1)t> U <Ui (vfl)(q u)+lcc+(q+l)i>>
- 201
(v+12%)(q v) (v+122)(q V)_HL
m i
N ( ( i=1 C§+(q+1)i) U —q < i— (u+1)(qv)+lcf+(q+1)i>>
=T 20u
(U+122)(q v) (lf+|22)(q—v)
L
((U ! C;+(q+1)z> N—q (Uizl ! C§+(q+l)i>>
(erl)O(q v) (V+122)(q v) +A
U ((U " C;+(q+1)l> ﬂ-‘l( _ wtDigv) 1C§+(q+1)i>>
=750, T
(v+122)<q vy <v+122)(q—v>
L L
v ((U <vl1)(q u>+1C§+(q+l)i) N—q (Uizl l C£+(q+1)i>>

(’Jrl)( V) w+D(g—v)
B C U U%H C ;
(v+1)(q ) ¢+ (g+Di 4\ VY. _ p+bhg-» ¢+ g+
+1 == +1
£+(q+l)(v+l)t1+10u+l U C§+(q+1) v l)q+10u+v+1 *

By Theorem 3, we obtain

(V+122)(q7v) (er%(qu)
m " _
(Ui=1 Cc+(q+1)i) N—q (Uizl C{+(q+l)i> =.
Now, we need to testify that
w+D(g=v) w+D(g=v)
U oo Nn—g(u_2 ¢ —cC
1_%4_1 {+(g+1i q i=1 ¢+ (g+Di §+(q+1)w
(w%(q v) (v+12)0(q LAY
U, LC i ] N — @] . C i1 =C )—
< i=1 ¢+(g+1)i q i=%+l ¢+ (g+Di §+(q+l)%
and
w+D(g=v) <v+l>(q v)
u oo DU — o ) =0
i o+Dg—) | SO+ DI q i thg-n S+ | =2
=50t ’—7zou +
We first show that
<v+1><q v, (w+1)g=v)
i _
v (v+l)(q v, Cot@+ni | N =0 Yz Cotg+i *CH(QH)(Hl)qurOISM*VH
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Clearly, _Q(C§+((1+1)(%(Z_V)+l)) = _Q(C§+(q+1)w)
= C; +Hg+1) W Therefore,

W%MHL (v+2)(q—u)
(ad . " )
(Ui_<v+1>(qv>+1C§+(q+1>z> N—q (U,-zl C§+(q+1),>
= 20u
(v+1)(g—v)
=|C 1)g+10, 1 U Uuqu—HC N
T\ Votgn bl (g 4 ¢H(g+Di
(vt1g=—v)
L
—4 <Ui—l C;+(q+1>i)
(v+122)(q—v)
=|C st N—g (U,_*"* C .
< §+((1+1)W q\“i= ¢+(g+Di
%MH\ (v+123)(q—u)
" . I .
v <<U wthig=) +2C§+(q+1)l) N—q (Ui=1 C§+(q+1)t>>
m
= C;+(q+1)w

From Theorem 3,

w+D(g—v)
_ 20p ) —
C;-+(q+l)(v+l)q;01311*”+l N—qU;_, Cevg+ni) = C{+(q+1)<v+1>q42r(;2u—u+l

We claim that

w+D(g—v) Y (v+122)(z17v}
w w _
<U(v+l)(q u>+2C§+(q+1)z> N—q ( =1 C§+(q+1)i> =0

for2 < a < w=Dg+v+l e U(M%Z . )LC n— U(UHZ)(Z V)C i @
or T0%c ( 0+ 4 t+@q+n) N =gy ¢Hg+Di) F

ie.,

w+D(g—v)

A 20,
<Ui=2C{+(q+1)(i+(U+%(ZV))) N —-q (Ui=1 : C{+(q+1)i> 75 ﬂ?

for2 < < %. Then there exist integers [ and j, where 2 < [ < %

and1 < j < %, such that

v+ Dg—-v)

§+(€]+1)<I+ 201

) =—q(¢ + (g +Dj)g* mod (g + Dn,

for some k € {0, 1}. They contradict with the following facts.

~ Casel Whenk = 0, +(q+ D+ 4=2) = —q (¢ +(q+1)j) mod (g+D)n,
i.e.,
10w —v—1 —1+420
quj+l—( m—v—1g+v—1+20u mod 7,
201
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for2 <[ <

—Dg+v+l .
%andlfjg

w+D(g=v)
201 :

(i) Whenl < j < M
0<(10u+v+1)q+1+20u—v
201
10 —v—1g+v—-1+20
=qu2_( " )q ®
20
10 —v—-—1g+v—-1+20
quH_( " )q g
201
—v v—1g+v+1
<42 +( )q
10 10p
10 —v—-1)g+v—-1420n
201
2¢%> — (10 — v+ 1)g+v+3—20u
= <n
201

(10u—v—1)g+20pu+v—1

This is a contradiction, because 0 =1 + ¢ j 200 mod n.
(ii) Whe 2(" v) et jl=j— 452 forl <j OM Then we
haveO = q(] + 1oﬂ)+l 100 lgglj” 12 mod n, 1.e.,0 =qj +1—

(10u+v=1)g+20pu+v+1
201

mod n, since

(10 —v+1g +20u—v+1
201

10 +v—-1g+20u+v+1
B 204
10 +v—-1)g+20u+v+1

201

q—v+(v—1)q+v+1 W4+ 10pu —Dg +20pu+v +1
10 10 20
_ 27— (0utv+lg v+l -20n
201

0<

<qj'+1-

=q

(10pu+v—1)g+20pu+v+1
201

(iii) When@ﬁ—kl <j< e(qfv) where3 < ¢ < ”'H.Letj’ —j— (671)((171))

forl < j/ <42 ThenwehaveO—q(J + (e 12)(3 2y o — Qonmve 1)‘1;” 1+20“

mod 7.

This is a contradiction, because 0 = qj’ +1 —
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(10pu—1+2e=3)v)g+20u+v+2€—3

S0ic mod n, since

mod n,ie,0=¢qj +1—

0 < (v+1)g—v+1+10u

101
< (10pu+1—2e—=3)v)g+20pu—v—2€+3
— 20p
_ (10pu—14+2e—-3)v)g+20u+v+2€—3
=qg+2- BIm
. (10p—14+(26=3)v)g+20pu+v+26—-3
<qj +1- 201

< q + (v— ll)g:erl

_ (10p— 1+(2€ 3)v)g+20u+v+2e—3

20
2q2—(10u+(25 —3)v+1)g—20pu+v+5-"2¢
201
2¢%2—(10p+3v+1)g—20u4v—1
< 200 <n

(10p—1+(2¢=3)1)g+20p+v+26—3

This is a contradiction, because 0 = ¢qj’ + 1 — 3000

mod n.

Case Il When k = 1,¢ + (g + 1)1 + “554=) = (0 + (g +1)j)q* mod (g +
1)n, which is equivalent to

(Ou+v+1g—v+1-—-20u

qj =1+ 2000 mod n,
for2 <l < ("l)(q)—ﬂ“ and1 < j < (v+1)(q V)
L
1 en Jj < 45—, since
(i) When 1 < ’{0;

(10 +v+1g—v+1+4+20u
201
(WOu+v+1g—v+1-—-20u
20
(IO +v+1Dg—v+1—-20u
[+
201
_ (v—Dg+v+1 +(10M+v+1)q—v+1—20u
10p 20
10 +3v—1)g+v+3—-20u
= <q
201

0<

=2+

2
This is a contradiction, because ¢ < gj < qlouvq_
(i) When 452 +1 < j < 22 et j' = j — 45

(10u+v+1)q v+1 201
lOu) =1+ 201

_ (10M+3v+1)q v+3-20u
] =1 + 20

mod n, i.e., g
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mod n, since

(10 +3v+1)g —v+3+20n

0
= 201
(10,u+3v+ g —v+3—-20u
201
wv—Dg+v+1 (AO0u+3v+1)g—v+3—-20u
= +
- 10u 20
10 +5v —1)g+v+5—20u
= <
201

This is a contradiction, because g < gj’ < QIOM‘I

(111) Whenw_i_l <j< e(q V) ,where3 < e < l)-‘rl Let] =j— (6—]1)0(3_‘))

forl < j < q_ Then we haveq(j + (e— 1)(q V)) I+ (A0u+v+1)g—v+1-20u

In 201
mod n, ie.,l = gj — U0ntCe= 1)”210)3 v= 1+2€ 201 mod n, we have

_ (10w —Re—DHv—1g+v+1—-2e+20n

0<1
201
10+ Re — v+ 1)g —v —1+2¢ —20u
=4q —
20
., A0+ QRe—DHv+1)g—v—1+2e—-20u
=q] —
201
- g—v (0u+ Re—1v+1)g—v—1+2—-20u
=910 201
_2¢7 — (10 + e + v+ 1)g +v + 1 —2e + 20
- 2014
2¢% — (10 +7v+ g +v —5+20u
= <n

201

This is a contradiction, because 2 < [ < %.

From the above discussion, we have
(u+126<q v) <v+%<q v)
(s i} — . " : = —
(Ui:(l,%(gv>+1C;+(q+1)z> N—q <U,:1 C§+(q+l)z) Cotigen thapiouzvat,

forl < A < (v711)61+v+1
—_— —_— l"’ .
Secondly, we show that

(v+126(q v) (u+122)(q v) +A
u_,-" C i) N— " C i) =C —1)g+10 1.
< i=1 {+(g+1i q [ (v+l)(g D ¢+(g+1)i C+(q+1)(”)q"2'++”+
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Since
Wb 5 Ct1Xe—v)
w . — " ;
—q <<Ui=(u+12%<q—u)+lci+(q+l)t> N—q <Ui=l CH(‘H])’))
m
I C _
q ;-_‘_(q_H)W
=C _
C(g+1) et
Hence,

(v-%-lzg(q v) (U+122)(q v)+)\
u._,m " C ni )N — . C nil=C (v=Dg+10u+v+1 -
( i=1 {+(g+Di 4q z_<”+‘2{}g v 8D g+(g+1) et

Finally, we show that

(V+l>(q LI (v+£)(t1 L
Op _
U (v+l)(q v Covg+ni |YU—q U (v+l)(q v Corg+yi | =9

w+D(g—v) +A w+D(g—v)

Dg+v+1 20, 20,

forl <2 < = 1)8Mv JEU_ohen ICH(qul)i)U—‘I(U._<u+ﬂl>(q—v> 1C§+(q+1)i)7'é
i= 2010 + i= M +

?i.e.,

A
(Ui=1Cc+<q+1><i+(”+;2;i‘”)>> q( C;+(q+1>(z+<“+”<f’”))> >0,

forl < A < Wlf’é—““. Then there exist integers / and j, where 1 < [, j <
m

(v—1g+v+1

om , such that

v+ (g —v)
C+(q+1)<l+T>
v+ (g —v)

a0 )) ¢* mod (¢ + Dn,

E—Q<C+(Q+1)<j+

for some k € {0, 1}. They contradict with the following facts.
Case I Whenk = 0,¢+(q+ 1)1+ 0=y = —q (¢ +(g+ D (j + =)
mod (¢ + Dn, i.e.,

10 —1 10
quj—f-l—( i Dg v+ 10n mod 7,
101

. (v—1g+v+1
forl </, J = —iog -
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(i) Whenl < j < u
O<q_v
10u
10w — g +v+10
=q+1_( n— g 5
10u
. 10w — g +v+10
5q1+l—( n—Dg w
10
g—v @W—=Dg+v+1 (10w —1g+v+10u
<q + -
10 10u 10
_qz—IOMq—l-l—lO,u

100 <n

This is a contradiction, because 0 = gj +1 — mod n.

.. _ . 2q— . . _ . _
(ii) When‘{0:+l <j< (Iqu;)),let]/zj—%forl <j < %.Wehave

(10p—1)g+v+10u
10u

0= q(j/_'_%)_'_l_(lo,ufll)g:wrloll mod n,i.e., (10M+V*]1)8;V+1+10M = qj/+l
mod n, since
0<g+1
<qj' +1
- v—1g+v+1
- qq n ( )q
10 101
> —q+v+1
= <n
10

This is a contradiction, because (10”+”_11)g:”+1+10” =gqj' +! mod n.

(iii) Whenw—i—l <j< G(q ”) ,where3 <e <v—2.Letj = j— %(Z”)

for _ (0u=Dg+v+10p
10
mod n, i.e., O = q] r4 - Uop= 1+(€ 1)1'6)3+10”+v+€ L' mod n.
When j' = 1,ie., j = % + 1 > 1, since
vg + 10p +1
0< ———
10
((e—2)v+10,u)q+10u+e—2 _
10
_ (10w —14+(€—1v)g+10u+v+e—1 _ wv—Dg+v+1 B
B 10u 10
(10,u—1+(e—1)v)q+10u+v+e—1 /
101 4
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(10,u—1+(e—1)v)q+10u+v+e—1

1 —
10 1
(10w —14+(€—1v)g+v+e—1
= —q
10
(10w —3v —2)g +2v -3
= <n
10u
This is a contradiction, because g = (10“71“671)1'83“0“”“71 —1 mod n.
When?2 < j' <14 W’ since
Bv+2)g—2v+3
0<
10
(10/1,+1—(6—1)]))q—l)+1—6
10u
(1o —14+(€—1Dv)g+10u+v+e—1
=2q+1-—
10
<ai - (10 —14+(€—=1v)g+10u+v4+e—1
10p
_ q—v+ (v—Dg+v+1 (A0u—1+(—-Dr)g+10u+v+e—1
=90 101 10
g% — (e = Dy +10p)g — 10p — € +2
N 10
g% — (10 +2v)g — 10 — 1
= <n
10

This is a contradiction, because 0 = g+ — (10;171+(671)11)0)3+10;,L+v+671 mod n.
@iv) Whenw_,_l <j< %.Letj’:j Wforl <j <
45 + 1. Then we have 0 = ¢ (j" + %ﬁ‘f—‘)))—i—l W mod 7,
ie,0=gqj +1— 210u-1- ”l)g:[m‘”z” 2 mod n.
When j’ = 1, since
(10 —=3v—-1g+10u+v -1
0<
10
210 — 1 —v)g + 10 +2v —2
10p
<qi +1- 210 — 1 —v)g + 10 +2v =2
10u
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w—D1g+v+1 2(00u—1—-v)g+ 10u+2v—2

<
=4+ 104 104
(10w —2v—-2)g+2v+2
= <n
10u
This is a contradiction, because g = (]0“7]+(€71)1‘83+]0“+”+€71 — 1 mod n.
When 2 < j’ < 4=¥ 4+ 1, then

101

Qv+2)g—2v+2
<

0
10
210 — 1 —v)g + 10 +2v — 2
=2¢+1—
7+ 10K
2(10p — 1 — 10 +2v —2
<qi' +1- (10u v)q +10p +2v
101
—v v—Ig+v+1 2000 —1—-v)g+ 10 +2v —2
<q (1= 1 L w=Dg _2(10p )g + 10p
10u 10u 10
g> — (20 —2v —1)g — 10p — v 42
= <n

10

This is a contradiction, because 0 = g + [ — 2=V IOEV=2 g )

10p
Case I When k = 1, ¢ + (g + D + 50 = —q(¢ + (¢ + DG +
LD ))g? mod (g + D, 1 <1, j < W=Dl
When j = 1, since
0 < vg + 1
10
10u +v)g+1-10
_ 4 U0ty kg
10
10 1—10
§l+( u+v)g + M_q
10
_ v—Dg+v+1 (A0u+v)g+1—-10p
= 104 104 a4
Qv—Dg+v+2—-10u
= <n
10

This is a contradiction, because ¢j = [ + W mod n.
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10# Y (when j = 1, g = 10u + v, which we have discussed), since

- (10w —2v+1)g —v+ 10 —2

10u
w—Dg+v+1 ((A0u+v)g+1—10u
<29 - -
10 10

. (10u +v)g +1 —10u

<qj—1- 0
n

qg—v (10 +v)g +1—10u
<q - 1=

10 10
g7 — (10 +2v)g — 1

<n
101

This is a contradiction, because gj = [ + W mod 7.

(i) When {57 + 1 < j < ) v) et j' = j — G5 for 1 < j" < {57 Then we
have g (j' + ]OM) =[+ w mod n,ie.,qj =1+ (10;1.+2|;z)qu’+2—10u

mod 7.
When j' =1, j = % + 1, since
2vg 42
10
(10u +2v)q +2 — 10u
=1+ _
10p

4 (10p +-2v)g +2 — 10

- 101

_ (v—-Dg+v+1 (A0p+2v)g +2—10u

= 101 101 a4

Bv—-—Dg+v+3—-10u
= <n
10u
This is a contradiction, because g = [ + W mod n.
When?2 < j' < ﬁ ie., L{Ou +1<j< 2(f(m”),wehawe
(10 —3v+1)g—v—-3+10n
0<
10u

g (v—Dg+v+1 (10u+2v)g+2—10u

- 104 104

<qf —1— (10 +2v)g +2 — 10u

10u
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qg—v {— (10u +2v)g +2 — 10u

<
=90 104

g% — (10p +3v)g —2 _
o 10

n

This is a contradiction, because gj’ = [ + W mod 7.

(iii) When%+l <j=< %,whereﬁ <e< v—2.Letj/:j—w

Ou

forl < j' < %.Thenwehaveq(j’+w) = I+WH2)OM mod n,

10p w
ie,0=qj —1— —(]0”“”12)‘?6710“ mod 7.
When j' = 1,ie., j = % -+ 1, since
3
0< vq +3
10u
- (ev+10n)g + € _
- 101
10 + €ev)g + € — 10
_ 4 (0u+evig ko,
10
<4 (10 + €v)g +€ — 10u —y
10u
_ w—Dg+v+1 (10 +e€v)g+e—10n _
= 104 104 a
(10w —14+E€+1v)g+v+1+e—10n
= -4
10
(10 —v —2)g +2v—1—10u
< <n
10
This is a contradiction, because g’ = [ + W mod n.
When?2 < j' < %, since
Wv+2)g—2v+1+10u
0<
10
_ (10u+1—-(+1v)yg—v—1—€e+10u
- 10
P wv—Dg+v+1 _ (10p 4+ €v)g +€ — 10
= 104 104
<qi —1— (10 +€v)g +€ — 10p
10u
_ q-v ] (10 +€v)g +€ — 10p
=10 100
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_q* = (10 (e + Dv)g — e
- 10
2 _ _
<14 (10p + 4)q 3<n
10

This is a contradiction, because 0 = ¢’ — [ — W mod n.

. —2)(g— . —1 1 . . —2)(g—
(1V)When%+1§]§%.Let/:;—%forlg

j < Y 41, we have g(j/ + W=2@=v)y — 7 4 W mod n, i.e.,

— 10p 10p
0=gqj —1— —(20“_1_1'83+v_20“ mod 7.
When j' = 1,ie., j = % + 1, since
(10w —1—-v)g+v—10u
0<
10
200 —1—v)g+v—20
_ oy 20m )q m_y,
10p
20 — 1 — —-20
<i4 (20u v)q +v u 4
10
wv—Dg+v+1 @0pu—1—-v)g+v—20u
= + —q
10 10
(10w —2)g +2v+1—-20u
= <n
10

This is a contradiction, because g’ = + W mod n.
When2 < j’ < % + 1, since
20 —2v —
0< e !
10
2y — (v—-Dg+v+1 @20pu+1—-v)g+v—20u
- 104 104
y 2Q0u+1—v)g+v—20u
<qj —1-
101
<q q—v+1 i 20u+1—-v)g+v—-20u
101 101
_q*— (10 + g —v+10u .
- 10
This is a contradiction, because 0 = ¢’ — [ — W mod 7.

From Corollary 1, there exist entanglement-assisted quantum codes with parameters

2 2 — .
[[—‘11021, ‘IITLl —2d + 6, d; 4]]4, where % +3<d=< % isodd. O
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Table 1 Sample parameters of

EAQMDS codes constructed " [n. k. d: cllq

from Theorem 4 257 1321 [[1321, 1241, 43; 4557
257 1321 [[1321, 1237, 45; 4Ths7
257 1321 [[1321, 1233, 47; 4T]ps7
257 1321 [[1321, 1229, 49; 47]p57
257 1321 [[1321, 1225, 51; 411ps7
257 1321 [[1321, 1137, 95; 411p57
257 1321 [[1321, 1133, 97; 411057
257 1321 [[1321, 1129, 99; 47]p57
257 1321 [[1321, 1125, 101; 411057
257 1321 [[1321, 1121, 103; 411057

Remark 1 Taking u = 1,v = 3, i.e.,, g = 10m + 3, we can obtain a quantum MDS
. 41 P+l . 2g+9 4943
codes with parameters [[T’ o — 2d + 6,d; 4], where = =< d < 4=,

which is the quantum MDS codes got in [23].

Example 1 We show some parameters of EAQMDS codes derived from Theorem 4 in
Table 1.

For the case that g = 10um 4 10 — v, and both 2 and v are odd with 10p = v +1
and v > 3, similarly to Theorem 3, we can obtain the following Theorem 5. Moreover,
on the basis of the Theorem 5, we can obtain the following entanglement-assisted
quantum MDS codes in Theorem 6, the proof of which is analogous to the proof of
Theorem 4.

2
Theorem5 Let n = %, where m is a positive integer, q is an odd prime power
such that ¢ = 10um + 10p — v, and both p and v are odd with 10 = v + 1 and
(g+10pu+Dn g% —q . 2 .
v > 3. Assume that s = “————— and { = *5*. If C is a q~-ary n-constacyclic
code of n with defining set Z = U?:l Ci4(g+1)i> where 1 < § < %.

Then Cth C C.

2
Theorem 6 Let n = qthLl’ where ¢ = 10um + 10 — v, and both w and v are

odd with 10p = v> + 1 and v > 3. Then there exist entanglement-assisted quantum
MDS codes with parameters [[n,n — 2d + 6, d; 4]l, for each odd integer d with
(v+1)g+v—1 (Bv—1)g—v-3
—qop T 2<dc< o -

Remark2 Taking u = 1,v = 3,i.e.,, ¢ = 10m + 7, we can obtain a quantum MDS
2 2

codes with parameters [[%, % —2d + 6, d; 4]],, where 2"5L“ <d < #,

which is the quantum MDS codes got in [23].

Example 2 We show some parameters of EAQMDS codes derived from Theorem 6 in
Table 3
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Table 3 Sample parameters of

EAQMDS codes constructed " [n. k. d: cllq

from Theorem 6 293 1717 [[1717, 1625, 49; 411203
293 1717 [[1717, 1621, 51; 41103
293 1717 [[1717, 1617, 53; 411293
293 1717 [[1717, 1613, 55; 411293
293 1717 [[1717, 1609, 57; 411293
293 1717 [[1717, 1505, 109; 41293
293 1717 [[1717, 1501, 111; 41193
293 1717 [[1717, 1497, 113; 41193
293 1717 [[1717, 1493, 115; 41103
293 1717 [[1717, 1489, 117; 41103

4 Conclusions and code comparisons

In the last section, we obtain two families EAQMDS codes ¢2-ary constacyclic codes
of length n = ’1120—+M], where g is the odd prime such that ¢ = 10um + v or g =
10um + 10 — v.

From Table 2, the lengths of EAQMDS codes we constructed here are different from
[25], since ¢ = t¢ and y = 2+ 1in [25], where ¢ is a power of 2 . Compared with
EAQMDS codes in [26], by consuming fewer pairs of maximally entangled states, we
get new EAQMDS codes with odd minimum distance. According to Remark 1 and
Remark 2, EAQMDS codes constructed from [23] were encompassed by Theorem 4
and Theorem 5 in this paper, and our EAQMDS codes are general, Table 2 gives the
detailed comparisons.

More clearly, when u becomes bigger, it is going to be harder for us to get greater
minimum distance d of entanglement-assisted quantum MDS codes. In the future
work, it would be meaningful to get more EAQMDS codes with large minimum

distance by applying constacyclic codes.

Acknowledgements This study is supported by the Notional Natural Science Foundation of China (Nos.
61772168, 61972126, 62002093, 12001002, 2008085QA04)
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